We extend the ab initio no-core shell model/resonating-group method to include three-nucleon (3N ) interactions for the description of nucleon-nucleus collisions. We outline the formalism, give algebraic expressions for the 3N -force integration kernels, and discuss computational aspects of two alternative implementations. The extended theoretical framework is then applied to nucleon-4 He scattering using similarity-renormalization-group (SRG) evolved nucleon-nucleon plus three-nucleon potentials derived from chiral effective field theory. We analyze the convergence properties of the calculated phase shifts and explore their dependence upon the SRG evolution parameter. We include up to six excited states of the 4 He target and find significant effects from the inclusion of the chiral 3N force, e.g., it enhances the spin-orbit splitting between the 3/2 − and 1/2 − resonances and leads to an improved agreement with the phase shifts obtained from an accurate R-matrix analysis of the five-nucleon experimental data. We find remarkably good agreement with measured differential cross sections at various energies, while analyzing powers manifest larger deviations from experiment for certain energies and angles.
INTRODUCTION
Recent progress in ab initio nuclear theory has been helping us reach a basic understanding of nuclear properties while paving the way to accurate predictions in the domain of light nuclei. This has been made possible by simultaneous advances in the fundamental description of the nuclear interaction, many-body techniques, and scientific computing. Today, accurate nucleon-nucleon (N N ) and three-nucleon (3N ) interactions from chiral effective field theory (χEFT) [1, 2] offer a much desired link to the underlying theory of quantum chromodynamics at low energies. At the same time, a first-principles solution of the many-body problem starting from realistic Hamiltonians is not only being achieved for well-bound states [3] [4] [5] [6] [7] , but also is becoming possible for scattering and reactions as successful ab initio bound-state techniques are being extended to the description of dynamical processes between light nuclei [8] [9] [10] [11] . In techniques based on large-scale expansions over many-body basis states, this success is in part enabled by the use of similarity renormalization group (SRG) [12] [13] [14] [15] transformations of the input Hamiltonian, where interactions can be softened in exchange for induced many-body terms [16] [17] [18] [19] .
One of the emerging techniques in the area of ab initio light-nucleus reactions is the no-core shell model combined with the resonating-group method or NCSM/RGM [9, 20] . Here, RGM [21] [22] [23] [24] [25] [26] expansions in (A−a, a) binary cluster wave functions, where each cluster of nucleons is described within the ab initio NCSM [27] [28] [29] [30] , are used to describe the dynamics between nuclei made of interacting nucleons starting from realistic Hamiltonians. In the recent past, this technique has been successfully applied to compute nucleon [31] and deuteron [32] scattering on light nuclei, based on accurate N N potentials obtained by SRG softening of the χEFT N N potential at next-to-next-to-next-to-leading order (N 3 LO) by Entem and Machleidt [33] . In these first applications, the omission of many-body forces induced by the renormalization of the input N N potential introduced a dependence on the SRG resolution scale λ. Also neglected was the 3N component of the initial chiral Hamiltonian. Nevertheless, by choosing an appropriate value of λ that reproduced the observed particle separation energies, the NCSM/RGM was capable of providing a promising realistic description of scattering data and even complex reactions such as the 7 Be(p, γ) 8 B radiative capture [34] or the 3 H(d, n) 4 He and 3 He(d, p) 4 He fusion rates [35] . In addition, nucleon-nucleus NCSM/RGM wave functions combined with NCSM eigenstates of the composite A-nucleon system have been successfully used to compute the low-lying spectrum of the unbound 7 He nucleus within the more complete framework of the nocore shell model with continuum (NCSMC) [11, 36] . However, a truly accurate ab initio description demands the inclusion of both induced and initial chiral 3N interactions.
In this paper, we present an extension of the ab initio NCSM/RGM to include explicit 3N -force components of the Hamiltonian in the description of nucleon-nucleus collisions, and discuss two alternative implementations of the approach. The extended formalism is then applied to the study of nucleon- 4 He scattering using SRG-evolved N N + 3N Hamiltonians derived from the N 3 LO N N interaction of Ref. [33] along with the local form of the chiral 3N force at next-to-next-to-leading order (N 2 LO) of Ref. [37] entirely constrained in the two-and threenucleon systems [38] . We account for target-polarization effects by including, besides the ground state, up to six excited states of the 4 He nucleus. We present a systematic investigation of the convergence of the computed phase shifts with respect to the parameters of the NCSM/RGM model-space, and explore their dependence upon the SRG resolution scale λ. The calculated phase shifts and derived angular cross sections and analyzing powers are compared to selected five-nucleon experimental data. We show the effect of the 3N force induced by the SRG technique and observe that the initial chiral 3N interaction enhances the spin-orbit splitting of the 2 P 3/2 and 2 P 1/2 resonances, leading to an improved agreement with the phase shifts obtained from an accurate R-matrix analysis of the five-nucleon experimental data [39] and angular distributions at intermediate nucleon incident energies.
An ab initio investigation of the elastic scattering of neutrons on 4 He starting from realistic N N + 3N Hamiltonians has been obtained in the past within the Green's Function Monte Carlo (GFMC) method [8] . The present study extends also to proton- 4 He scattering, covers a wider range of energies, and is the first to be performed using two-plus three-body Hamiltonians from χEFT. In particular, aside from a study of the photon-induced disintegration of the 4 He nucleus [40] , the present constitutes one of the first applications of chiral N N + 3N interactions to the ab initio calculation of scattering observables in systems with more than three nucleons together with the recent work of Refs. [41] and [42] , and the first one for A > 4.
The paper is organized as follows. In Sec. II, we provide a brief overview of the NCSM/RGM formalism and present algebraic expressions for the contribution of the 3N interaction to the Hamiltonian kernel. The application of this formalism to the elastic scattering of nucleons on 4 He is presented in Sec. III. Finally, conclusions and outlook are given in Sec. IV.
II. AB INITIO NCSM/RGM
The general theoretical framework of the ab initio NCSM/RGM approach was introduced in Ref. [20] . In this section, we briefly outline the formalism and introduce notation relevant for the treatment of 3N interactions, which will be discussed in detail later.
The starting point are the ab initio NCSM eigenstates of the (A−a)-nucleon target and a-nucleon projectile (a < A), which are used as building blocks of the A-body Hilbert space. Bound, resonant and scattering states of the A-nucleon system are all described within the RGMinspired cluster basis
where |A−a α 1 I π1 1 T 1 and |a α 2 I π2 2 T 2 denote translational-invariant NCSM eigenstates in coordinatespace representation of the target and projectile, respectively, characterized by their energy labels α i , angular momentum-parity I πi i , and isospin T i with i=1, 2 the cluster index. These translational-invariant cluster basis states describe two nuclei whose centers of mass are separated by the relative coordinate r A−a,a and that are traveling in a 2s+1 ℓ J partial wave of relative motion (with s the channel spin, ℓ the relative orbital angular momentum, and J the total angular momentum of the system). To label the cluster basis states, we collect under the index ν the quantum numbers {A−a α 1 I π1 1 T 1 ; a α 2 I π2 2 T 2 ; sℓ} while additional quantum numbers are the parity π = π 1 π 2 (−1)
ℓ and the total isospin T . Finally, the antisymmetrization of the channel states of Eq. (1) with respect to exchange of nucleons pertaining to different clusters is enforced by the appropriate inter-cluster antisymmetrizer A ν
where H is the microscopic A-nucleon Hamiltonian:
Here, H (A−a) and H (a) represent the (A−a)-and anucleon intrinsic Hamiltonians, T rel (r) is the relative kinetic energy andV C (r) = Z 1ν Z 2ν e 2 /r is the average Coulomb interaction between pairs of clusters (with Z 1ν and Z 2ν the charge number of the clusters in channel ν), and V rel is the localized inter-cluster potential containing the microscopic nuclear interaction between nucleons in different clusters, given as:
In this work, V N N and V 3N denote the nuclear plus Coulomb nucleon-nucleon and three-nucleon interactions, respectively. The same N N and 3N interactions are used in both the (A−a)-and a-nucleon intrinsic Hamiltonians and in the inter-cluster potential V rel .
The NCSM/RGM kernels are calculated from two main ingredients: (i) the eigenstates of the projectile and. The HO radial quantum numbers in Eqs. (10) and (11) run up to the maximum value of N RGM max which is chosen consistently with the model space of the targets and projectiles. Such an expansion in HO radial wave functions is accurate and justified for matrix elements of localized operators such as those entering the exchange part of the norm, and the potential kernel.
While the translationally-invariant channel states of Eq. (12) represent a "natural" choice for the calculation of the integration kernels, from a computational point of view it is convenient to work with NCSM eigenstates of the (A−a)-nucleon cluster expanded in a many-body space of HO Slater determinants,
and to introduce the SD channel states
Here R c.m. ) represents the motion of the target c.m., which factorizes exactly in a NCSM calculation due to the N max truncation scheme [30] . Correspondingly, the matrix elements of any translational-invariant operator with respect to the SD channel states of Eq. (14) are affected by components of the c.m. of the overall system. However, this c.m. motion can be removed [and the translationallyinvariant matrix elements with respect to the channel states (12) recovered] exactly by inverting a linear transformation as described in Sec. II.C.2 of Ref. [20] .
In the following, we present the contributions of the 3N interaction to the potential kernel V J π T ν ′ n ′ νn as defined in Eq. (11) for the description of nucleon-nucleus collisions. That is, we consider the case of projectile-target binarycluster channels of both initial and final states that are formed by a single nucleon (a = a ′ = 1) in relative motion with respect to a target of A−1 nucleons. Then, the inter-cluster antisymmetrizer simplifies to
where P i,A is the transposition operator exchanging the i-th particle in the target with the projectile nucleon, labelled by the index A. In addition, the calculation of matrix elements in the basis (14) is most efficiently achieved by first performing the transformation
to the new SD basis labeled by the cumulative index κ = {A−1
wherex = √ 2x + 1, and |nℓjm j 1 2 m t denotes the HO single-particle state of the projectile. In this new basis the target is expressed in terms of Slater-determinants, thereby we can use powerful second quantization techniques to calculate the potential kernels.
B. Three-nucleon potential kernel
In this section, we derive the contributions of the 3N interaction to the potential kernel. After presenting some of the resulting algebraic expressions, we discuss in detail two alternative implementations of the formalism, which have been used to benchmark the present nucleon-4 He calculations.
Starting from Eq. (11) the inclusion of the 3N force into the single-nucleon projectile formalism, although quite involved, is straightforward. Using the expression (15) we obtain two new contributions
As for the corresponding N N portion of the nucleonnucleus potential kernel presented in Ref. [20] , we identify a direct [Eq. (18) ] and an exchange [Eq. (19) ] term, described by diagrams (a) and (b), and diagram (c) of Fig. 1 , respectively.
As illustrated in Fig. 1 , the direct and exchange terms involve operations on two and three nucleons of the target, respectively. Hence, they require the evaluation of matrix elements of two-and three-body densities of the target, respectively. In comparison, the N N potential kernel for (A−1, 1) binary-cluster channels in both initial and final states depends only on matrix elements of one-and two-body densities of the target. This highlights the increased computational cost of including the 3N interaction in the NCSM/RGM approach.
In the following, we focus in detail on the derivation of the exchange potential kernel of Eq. (19) , while leaving the algebraic expression of the 3N contribution to the direct kernel to the Appendix A. To derive the expression for the exchange kernel we compute the matrix elements of P A−1,A V A−3,A−2,A−1 with respect to the basis states (17) . We insert identity operators in terms of A-body HO Slater-determinants, explicitly perform the transposition, introduce antisymmetrized HO matrix elements of the 3N force by exploiting the fact that |Φ
SD is antisymmetric with respect to the exchange of nucleons belonging to the target and obtain
where we introduced the notation {a, . . . , f } denoting the quantum numbers of ℓs-coupled HO single-particle states, i.e. a = {n a ℓ a j a m ja m ta }. From a numerical perspective, we have at this point two options: (i) implementing Eq. (20) directly, or (ii) introducing coupled densities and further algebraic manipulations as previously done for the N N case [20] . We pursued both options and will discuss these two alternative approaches in detail later on. To arrive at the coupled densities, we make use of the JT -coupled 3N matrix elements as introduced in Refs. [17] and [43] , and use reduced matrix elements of the target density by means of the WignerEckart theorem. Accordingly, we evaluate all summations over projection quantum numbers and arrive at
whereã f is the time-reversed annihilation operator
the triple vertical bars indicate that the matrix elements are reduced in both angular momentum and isospin.
To avoid the explicit treatment of the three-body density matrix, we factorize this expression by inserting a completeness relationship over (A−4)-body eigenstates leading to
Compared to Eq. (21), there is an additional summation over the index β labeling the eigenstates |A−4α β , I
π β β , T β of the (A−4)-body system. For the case of nucleon-4 He scattering, which will be the focus of Sec. III, they consist of single-particle states.
Equations (20) and (22) summarize the two approaches (i) and (ii) we have developed to calculate the potential kernels. We used these two implementations to benchmark our results. In the first approach (i) according to Eq. (20), we have to deal with the three-body density explicitly. Storing in memory three-body density matrices is of course very demanding. Therefore, we have developed an efficient on-the-fly computation of these matrix elements by exploiting the fact that the target eigenstates |A−1
are implicitly given as expansion in HO many-body SDs within the NCSM model space. We can pull the two summations corresponding to these expansions in front of all other summations in Eq. (20) . In this way we obtain an expression in which each term can be computed independently, i.e., it is ideally suited for parallel computation with perfect scaling. In addition, the sums over HO single-particle states are of course restricted to those combinations, which can connect the two SDs of the density matrix. Here, we can make use of the technology that was originally developed to compute A-body matrix elements of three-body operators during the setup of the many-body matrix in the importance-truncated NCSM [44, 45] . The next critical objects in Eq. (20) are the m-scheme matrix elements of the 3N interaction. The storage of these matrix elements in memory is again prohibitive if we want to proceed to large model spaces. However, we benefit from storing the matrix elements of the 3N interaction in the JTcoupled scheme developed by Roth et al. [17, 43] and the corresponding efficient on-the-fly decoupling into the m-scheme. Finally, we note from Eq. (20) the necessity to treat the projection quantum numbers of the angular momenta and isospins of the target states explicitly, including consistent relative phases. Both can be accomplished using a single NCSM run to produce a specific eigenvector from which all other vectors with necessary projection are obtained using angular momentum raising and lowering operators.
In the second approach (ii), we first calculate and store in memory the reduced matrix elements of the tensor operator
and compute the factorized three-body density of Eq. (22) on the fly. This strategy reduces the computational burden and computer memory required to perform the calculation. We work directly with the JTcoupled 3N matrix elements exploiting their symmetries and using the appropriate Racah algebra if necessary.
The main limitation of this approach is the factorization of the reduced density which is feasible only for light systems where a complete set of (A−4)-body eigenvectors can be obtained, i.e., the four-and five-nucleon systems for the specific case of nucleon-nucleus collisions. For such systems, however, it is still a more efficient approach when many excited states of the target are included in the calculation as in the present results with seven 4 He eigenstates. In terms of numerics we have achieved a load-balanced parallel implementation by using a nonblocking master-slave algorithm. Finally, following the application of the Wigner-Eckart theorem, the isospin dependence of the nuclear Hamiltonian in the potential kernels cannot be treated exactly in this approach. To account for the breaking of isospin symmetry of the N N interaction we determine the coefficients of the combination of nn, pp and np parts of the N N potential with the help of the Hamiltonian kernel expressed in spirit of approach (i) that treats exactly the isospin-symmetry breaking. This analysis will be discussed in further detail in Sec. III B 6, where it is illustrated and benchmarked in the p-4 He scattering problem.
With the exception of the treatment of isospin symmetry, the two implementations described in this section are formally equivalent. By storing in memory the reduced densities, the latter is more efficient for reactions with different projectiles while the former is ideally suited for addressing heavier targets.
III. APPLICATIONS TO NUCLEON-4 HE SCATTERING
Nucleon- 4 He scattering has been an important testing ground for ab initio reaction calculations. The tightlybound nature of the 4 He nucleus makes it one of the simplest scattering systems to be described, characterized by a single open (binary-cluster) channel up to fairly high energies, and hence an important benchmark for any approach to light-nucleus reactions. At the same time, its sensitivity to the strength of the spin-orbit force, as seen in earlier ab initio studies of the 2 P 3/2 and 2 P 1/2 scattering phase shifts [8, 9, 20] , makes it an ideal stage for the investigation of 3N -force effects in the continuum.
The role of the 3N force in the description of the spinorbit splitting between 2 P 3/2 and 2 P 1/2 resonances was first investigated in Ref. [8] , where these and the nonresonant 1/2 + phase shifts below 5 MeV c.m. energy were obtained in GFMC calculations with the AV18 N N [46] plus UIX and IL2 3N interaction models [3] . This work was followed soon after by NCSM/RGM calculations of n- 4 He scattering for energies up to the inelastic threshold with several realistic N N potentials [9, 20] . Here, the insufficient splitting between the 2 P 3/2 and 2 P 1/2 resonances found using the chiral N 3 LO N N potential of Ref. [33] was attributed in part to the omission of the 3N terms of the chiral interaction. In the following we revisit these calculations by including, for the first time, the N 2 LO 3N force of Ref. [37] . Different from Refs. [9, 20] , where the strong shortrange correlations generated by the N 3 LO N N potential where treated by means of a modified Lee-Suzuki twobody effective interaction, here both chiral N N and 3N forces are softened through an SRG transformation at the three-body level. We also note that the present study goes beyond that published in Ref. [31] , where nucleon-4 He scattering results were obtained using only the twobody portion (N N -only) of the SRG-evolved chiral N 3 LO N N potential.
The discussion of the results is organized as follows: we start with some technical details about the chiral nuclear interactions used throughout this section, including a short description of the similarity renormalization group technique followed by a study of the convergence of our phase shifts with respect to the parameters of the NCSM/RGM model-space and of the effects of the isospin-symmetry breaking of the interaction. Finally, we conclude with an analysis of the effect of the initial 3N interaction on phase shifts, angular cross sections and polarization observables including the first seven low-lying states of the 4 He target and compare our results to experiment.
A. SRG-transformed N N +3N Hamiltonian
One cornerstone of an ab initio calculation is a highprecision nuclear Hamiltonian, which is in the ideal case solidly rooted in quantum chromodynamics. Throughout this study of nucleon-4 He scattering we employ the N N interaction from χEFT at N 3 LO by Entem and Machleidt [33] along with the local form of the chiral 3N interaction at N 2 LO [37] , both with cutoff 500 MeV/c. Note that the low-energy constants of this Hamiltonian are entirely determined from two-and three-body systems [38] . Currently, this is one of the best nuclear Hamiltonians available in terms of HO matrix elements, as needed here. We soften these interactions by a continuous unitary transformation of the N N and 3N interaction using the similarity renormalization group technique [14, 16, 17, 19, 47] . With decreasing resolution scale λ (or likewise with increasing flow parameter α = λ −4 as used elsewhere [17, 48] ), this transformation tames the short-range correlations in the many-body eigenstates resulting in an improved convergence behavior with respect to the modelspace size, both in the NCSM when computing the target eigenvectors as well as in the NCSM/RGM when computing the Hamiltonian integration kernel. However, the transformation formally induces irreducible many-body forces up to the A-body level. Today, the SRG transformation can be performed consistently in either the twoor the three-body space, allowing us to distinguish the effects of induced 3N forces from those of the initial 3N interactions [17, 47] . Therefore, we define the three different Hamiltonians which we will investigate in the following: N N -only, resulting from the SRG transformation of the initial N N interaction in two-body space (i.e., no 3N -force effects are included); N N +3N -induced, resulting from the SRG transformation of the initial N N interaction in three-body space (i.e., SRG-induced three-body contributions are taken into account); N N +3N -full, resulting from the SRG evolution of the initial N N +3N Hamiltonian in three-body space (i.e. already the initial Hamiltonian contains 3N components and all 3N terms are retained). By variation of the resolution scale λ we can investigate the relevance of neglected higherorder induced many-body forces in the context of scattering observables, as before in the case of nuclear structure observables (see, e.g., Refs. [16] and [17] ). For this variation we will use the SRG resolution scales (flow parameters) λ = 1.88 fm −1 (α = 0.08 fm 4 ), λ = 2.0 fm
(α = 0.0625 fm 4 ) and λ = 2.24 fm −1 (α = 0.04 fm 4 ). These values fall in a range for which the interaction is sufficiently soft to reach convergence within our largest model space of N max = 13 and, at the same time, fourand higher-order many-body forces have been found to be negligible in nuclear structure calculations for 4 He [16, 17] .
Concerning the 3N interaction in the NCSM/RGM calculations, we have to limit the sum of the HO singleparticle energy quantum numbers by e a +e b +e c ≤ E 3max as it was also discussed for other many-body methods [48] [49] [50] [51] . For the calculation of the NCSM eigenstates of the 4 He target considered later on, this is not an issue because E 3max ≥N max . However, the NCSM/RGM potential kernels for nucleon-nucleus collisions may be affected by this cut since in principle they probe 3N matrix elements up to E 3max =2N max , as can be seen from Eq. (20) and the fact that the single-particle model space of the projectile has also to be truncated by N max for an exact recovery of the translational-invariant matrix elements from the SD ones (see Sec. II A). We will check the sensitivity of our results with respect to E 3max in Sec. III B. Unless otherwise stated, the matrix elements of the 3N force are included up to E 3max =14.
B. Convergence properties and approximations
In this section we present a comprehensive study of all relevant parameter variations within the NCSM/RGM approach including explicit 3N interactions. We perform this analysis on the scattering phase shifts, which are obtained by solving the NCSM/RGM equations (4) with scattering boundary conditions by means of the calculable R-matrix method on Lagrange mesh (see, e.g., Ref. [52] and references therein). Note that in this work, the asymptotic limit of the two-body nuclear scattering problem is matched at the channel radius of 18 fm, large enough for the clusters to interact only through the Coulomb force. We explicitly checked that all present results are independent of such parameter.
Dependence on Nmax
We begin our study by exploring the convergence properties of the n-4 He phase shifts with respect to the modelspace size N max of the HO basis used to expand the localized parts of the NCSM/RGM kernels and NCSM wave functions of the target. These results were obtained with the SRG-evolved chiral N N +3N -full Hamiltonian with resolution scale λ=2.0 fm −1 and an HO frequency of Ω=20 MeV. Figure 2 presents single channel calculations for N max =7, 9, 11, and 13 carried out using n-4 He channel states with the 4 He in its ground state (g.s.). The phase shifts for the first four partial waves exhibit a good convergence behavior. With the exception of the 2 P 3/2 resonance, where we can observe a difference of less than 5 deg in the energy region 4 ≤ E kin ≤ 10 MeV, the N max =11 and N max =13 phase shifts are on top of each other. An analogous behavior is obtained when using the N N +3N -induced interaction. Therefore, given the large scale of these computations, we performed some of the remaining sensitivity studies within an N max = 11 model space. In addition, the convergence behavior presented in Fig. 2 is very similar to that obtained in Ref. [31] for the N 3 LO N N -only interaction evolved to the same λ value. There, working only with a two-body potential, we were able to obtain results for N max values as high as 17, but no substantial differences were found with respect to those obtained for N max =13. Based on these considerations, we do not expect that an N max = 15 calculation, which at this time is computationally out of reach, would significantly change the present N max = 13 picture for the phase shifts obtained with the SRG-evolved chiral N N +3N interactions. Finally, we note that the NCSM ground-state energies for λ = 2.0 fm −1 are wellconverged with respect to N max . The change between the N max = 10 and 12 is below 0.2%. The same is true for λ = 1.88 fm −1 , where this change is below 0.1%, whereas for λ = 2.24 fm −1 it is below 0.7%.
Dependence on E3max
In Fig. 3 , we study the variation of the N max =11 n-4 He(g.s.) phase shifts with respect to the truncation of the 3N matrix elements E 3max as introduced in Sec. III A. This parameter is varied from 10 to 14 HO quanta, which is the largest set of 3N matrix elements currently available. Although at N max =11 a complete calculation would require 3N matrix elements with E 3max as high as 22 (see Sec. III A), the effects of this truncation are limited. The phase shifts at E 3max =12 and E 3max =14 agree very well. A similar study has been repeated for different combinations of Ω, λ, and N max . In general, we find that the E 3max truncation of the three-nucleon interaction has less influence on the phase shifts than the parameters characterizing the NCSM/RGM model space. However, given that this limitation is not consistent with the adopted NCSM/RGM model-space, in any new application the dependence on E 3max should be analyzed with great attention. In the following, all results were obtained using the largest available E 3max =14.
Dependence on the HO frequency
In Fig. 4 , we study the dependence of the n-4 He(g.s.) scattering phase shifts with respect to the HO frequency. We compare Ω=16, 20 and 24 MeV results obtained with λ=2.0 fm -1 in a N max =11 model space. We find essentially no dependence on the HO frequency when comparing the Ω = 20 and 24 MeV, i.e., the phase shifts are in good agreement: the 2 S 1/2 and 2 D 3/2 phase shifts are on top of each other while the 2 P 1/2 and 2 P 3/2 phase shifts show very small deviations around the resonance positions. At the same time, we note that using the lower frequency of Ω = 16 MeV is problematic due to the finite size of the HO model space used during the SRG transformation. This has to be cured using a frequency conversion technique [43] . For the remainder of this pa- per, we will stick to the Ω = 20 MeV HO frequency.
Dependence on excitations of the 4 He target
The many-body space spanned by the channel basis states of Eq. (12) depends on the number of projectile and target eigenstates. In Fig. 5 , we show the convergence pattern of the n- 4 He phase shifts with respect to the inclusion of up to six low-lying excited states (I Table I . For this study, we employ our largest model space of N max =13. As can be seen in the figure, the target excitations are crucial in particular for the resonant phase shifts, where they lead to an enhancement. Specifically, the resonance of the 2 P 3/2 wave is strongly influenced by the inclusion of the 2 − 0 state, while the 2 P 1/2 phase shift is slowly enhanced near its resonance with the addition of the odd-parity states, among which the 1 − states have the strongest effect. On the other hand, the 2 S 1/2 wave is Pauli blocked and mostly insensitive to these polarizations effects. The somewhat slow convergence displayed in Fig. 5 is in agreement with that observed in Refs. [9] and [20] . In a recent work using a realistic two-body Hamiltonian [11] , we have shown that a more efficient description of short and medium-range correlations, and hence a faster convergence, can be obtained within the NCSMC approach [11] by augmenting the NCSM/RGM basis with NCSM A-body eigenstates of the compound (here 5 He) system. Work is currently underway to complete the inclusion of 3N -force contributions within (the couplings between g.s.,0 A-nucleon eigenstates and binary-cluster basis states of) this approach.
Dependence on the SRG flow parameter
In Fig. 6 , we compare the low-energy phase-shifts of the n-4 He scattering obtained for two different SRG flow parameters at N max = 13, including the first six excited states of the 4 He target. In panels (a), (b) and (c) we compare λ = 1.88 fm −1 to λ = 2.0 fm −1 results for phase shifts obtained with the N N -only, N N +3N -induced and N N +3N -full Hamiltonian, respectively. For the 2 P 1/2 and 2 P 3/2 phase shifts we observe a slightly larger flowparameter dependence in the N N -only results compared to the N N + 3N -induced case. Nevertheless, the 2 D 3/2 and 2 S 1/2 phase shifts agree very well for the two SRG parameters. Here, it is important to note that the convergence with respect to the model space size is relevant. Indeed we find less flow-parameter dependence in Fig. 6 than in studies including only the g.s. of 4 He. This is also highlighted in Fig. 7 , where the comparison for the most relevant N N +3N -full case is extended to a third value of λ = 2.24 fm −1 , working within a smaller model space with four 4 He excited states. Here, the λ dependence is once again almost inexistent in the 2 S 1/2 and 2 D 3/2 phase shifts, where the convergence is fully achieved for all three choices of the SRG evolution parameter. However, larger differences can be observed in the resonances, particularly in the 3 P 1/2 partial wave, where the lower rate of convergence for the somewhat harder λ = 2.24 fm −1 Hamiltonian is emphasized. Compared to the N N +3N -induced phase shifts, in the 2 P 1/2 and 2 P 3/2 partial waves we find a slightly larger λ-dependence. Altogether, the dependence on the SRG parameter in the N N +3N -induced and N N +3N -full cases is somewhat smaller than in the N N -only case. This hints towards a minor effect of higher-order SRG-induced many-body forces for the phase-shifts discussed here, consistent with the findings in NCSM calculations of the ground-state energies of light nuclei [16, 17] . However, we stress that significant λ-dependence can also originate from non-convergence or inconsistent truncations even if no SRG induced many-body forces are present. In the NCSM/RGM the E 3max parameter is not consistent with the model space truncation and could also lead to such an artificial SRG parameter dependence. Moreover, the SRG parameter dependence of the input target states, which is represented in Table I in terms of the λ-dependence of the eigenenergies, is of course translated into the NCSM/RGM kernels, too. We conclude, that the remaining SRG parameter dependence is a smaller effect than, e.g., the effects coming from the inclusion of more excited states of the 4 He target as evident from Fig. 5 . We stick to the resolution scale λ = 2.0 fm −1 for our further investigations.
Treatment of the isospin symmetry in the NCSM/RGM
The initial chiral 3N interaction that we use in the present calculations is isospin invariant. The chiral N N interaction, on the other hand, includes both the isospin and charge symmetry breaking, and, of course, we also add the proton-proton Coulomb interaction. For the three-nucleon SRG evolution, we switch off the Coulomb interaction and use the isospin averaging of the N N interaction developed in Ref. [53] . The resulting SRG-induced 3N interaction is then isospin invariant and the expressions (20) and (21) are fully equivalent. The treatment of the (SRG-evolved) N N interaction, however, differs depending on the approach taken to calculate the N N interaction integration kernels. While the approach in the spirit of Eq. (20) accounts fully for the isospin nonconservation of the N N interaction, the approach that utilizes the isospin projection analogous to Eq. (21), used, e.g., in the original NCSM/RGM paper [20] , relies on an isospin averaging of the N N interaction. In particular, the T =1 two-nucleon N N interaction matrix elements are calculated according to
, (23) with the weight coefficients given in terms of the number of the projectile protons and neutrons Z P , N P and the 
λ=1.88 fm target protons and neutrons Z T , N T as
. (24) The above expressions were derived by counting the number of T =1 nucleon pairs with one of the nucleons in the projectile and the other in the target, realizing that a proton-neutron pair has a 50% probability to be in the T =1 state and a 50% probability to be in the T =0 state.
Since we now implemented also the N N kernels in the spirit of Eq. (20), i.e. accounting the isospin-breaking effects, we tested the performance of the N N interaction isospin averaging according to Eqs. (23) and (24) in the p- 4 He scattering, including up to the 2 − 1 excited state of the 4 He target. The calculations with and without the isospin averaging are compared in Fig. 8 . It is apparent that the approximations (23) and (24) are quite accurate, and, consequently, the isospin projected NCSM/RGM formalism is reliable as long as the isospin violation of the target wave functions is small, which is a typical case. Our calculations including six excited states of the 4 He target, which are compared with experimental data in the following section, were obtained within the isospinprojected formalism.
C. Discussion of results
The extension of the NCSM/RGM to explicitly include 3N forces allows for the first investigation of SRG-evolved N N +3N Hamiltonians in the energy continuum. This establishes access to a whole set of light-nucleus scattering observables as testing ground for chiral N N +3N Hamiltonians. We start with a discussion about the 3N force effects on the n-4 He and p- 4 He phase shifts and then compare those to experiment. We end this section with an investigation of cross sections and analyzing powers. 
isospin breaking isospin projected
He phase shifts between the two approaches to compute the potential kernel, where the breaking of isospin symmetry is accounted for exactly as in Eq. (20) (solid red lines) and with the approximation (23) and kernels alike Eq. (22) (blue dashed lines). The model space is truncated at Nmax = 13, the SRG parameter is λ=2.0 fm -1 and Ω = 20 MeV.
Three-nucleon force effects on phase shifts
In Fig. 9 , we compare the n-4 He phase shifts for the N N -only (green long-dashed line), the N N +3N -induced (blue dashed line) and the N N +3N -full (red solid line) Hamiltonians. The NCSM/RGM model space includes the first six excited states of 4 He and is truncated at N max = 13, which is reasonably large as discussed in section III B. The HO frequency is Ω = 20 MeV and the SRG flow-parameter λ = 2.0 fm −1 is used. Let us concentrate first on the 2 S 1/2 and 2 D 3/2 partial waves. Comparing the N N -only phase shifts to those obtained with the N N +3N -induced Hamiltonian, we find they agree for the 2 D 3/2 and only small changes occur for the 2 S 1/2 partial wave. The same is true once the initial 3N interaction is included, i.e. the 2 D 3/2 and 2 S 1/2 phase shifts are almost insensitive to the inclusion of 3N interactions. This is consistent with the observations of Ref. [8] , where the AV18 N N potential was complemented with the UIX or IL2 3N force models. More influence of 3N interactions is present in the 2 P 1/2 and 2 P 3/2 phase shifts. The N N -only Hamiltonian overestimates the 2 P 1/2 phase shift compared to N N +3N -induced Hamiltonian. The effect of the initial 3N interaction is a further decrease of this phase shift while the resonance gets slightly broadened. Concerning the 2 P 3/2 partial wave, we find a quite large reduction of the phase shift in particular around the resonance position when including the induced 3N contributions. This hints at the significance of the SRG-induced 3N interactions and reveals an artificial enhancement of this phase shift using N N -only Hamiltonians. Including the initial 3N interaction increases this phase shift once again so that it almost coincides with the N N -only result, which is of course accidental. Overall we conclude that the inclusion of 3N interactions in scattering calculations is mandatory due to sizable changes in the P -wave phase shifts. In particular additional spin-orbit structures of the 3N interactions, which are well-known to be an essential part of the nuclear Hamiltonian [5] , change the splitting between the P -wave resonances in n- 4 He scattering. Finally, the net effect of the initial 3N force with respect to the results obtained with the initial N N potential (unitarily equivalent to the N N + 3N -induced results) is once again very similar to the trend observed in Ref. [8] , where the increased spin-orbit splitting between the resonances arises from an enhancement in the 3/2 − and quenching in the 1/2 − phase shifts, respectively.
Comparison of phase shifts with experiment
In the upper panel of Fig. 10 we compare our results for n-4 He low-energy phase shifts to experimental phase shifts obtained from an accurate R-matrix analysis of 5 He data depicted as crosses [39] . The phase shifts obtained with the N N +3N -full Hamiltonian are shown as solid red lines, while those from the N N +3N -induced Hamiltonian, which is unitarily equivalent to an initial N N Hamiltonian, are given as dashed blue lines. Overall, we find a very good reproduction of the experimental phase shifts for the 2 S 1/2 , 2 P 1/2 and 2 D 3/2 partial waves. In particular for the 2 P 1/2 phase shift the initial 3N interaction is responsible for this agreement. However, we also note that for the 2 S 1/2 phase shift at large energies the initial 3N force leads to slightly larger deviations from experiment compared to the N N +3N -induced case. Concerning the 2 P 3/2 partial wave, the initial 3N interaction brings the phase shift closer to experiment resulting in quite good agreement starting at about 4 MeV c.m. energy. Moreover, this interaction leads to the expected increased spin-orbit splitting in the P waves, as evident from the comparison to the splitting from the N N +3N -induced calculation. However, for energies around the resonance position the enhancement of the 2 P 3/2 partial wave is too small, so that it misses the experimental resonance energy at 0.78 MeV, related to the low-lying
state of 5 He. While the need for an even richer spinorbit structure of the 3N force cannot be ruled out [8] , one reason for this disagreement has to be searched in a still insufficient model space in our NCSM/RGM calculations for this partial wave. We have included the first six excited states of 4 He, that is up to a maximum of 24 MeV excitation energy (see Table I ). However, the d-3 H channel opens experimentally at 17.63 MeV, therefore, we would arrive at a more complete description of the scattering by including the coupling to this channel. This would require a generalization of the formalism developed in Ref. [32] to include 3N forces. Another possibility to clarify this issue is to include the couplings to low-lying states of 5 He in the framework of the NCSMC as recently proposed in Refs. [11] and [36] . Work in both these directions is currently underway.
In Fig. 10(b) we present the comparison of the p-4 He phase shifts to those obtained from an R-matrix analysis of data [39] . The results are qualitatively very similar to the n-4 He case: The 2 S 1/2 and 2 D 3/2 partial waves are in good agreement with experimental phase shifts. This is also true for the 2 P 1/2 phase shift at large energies including the initial 3N interaction. Instead, the initial 3N interaction leads to deviations near the resonance located at 3.2 MeV, where the calculation at the N N +3N -induced level is in good agreement with experiment. For the 2 P 3/2 phase shift, the initial 3N interaction improves the overall agreement with experiment. However, we observe again quite large discrepancies at energies below 6 MeV and the phase shift misses the experimental resonance of the 5 Li system at 1.69 MeV, though the spin-orbit splitting of the 2 P 3/2 and 2 P 1/2 phase shifts is increased by adding the initial 3N force. Again this deviation may be partly due to the limited model space and the missing d-3 He channel.
Overall, the degree of agreement with experiment obtained for the nucleon- 4 He phase shifts is very promising in view of future developments towards more refined reaction models and paves the way for ab-initio applications and benchmarks of chiral N N +3N Hamiltonians in nucleon scattering on light nuclei. 
Cross sections and analyzing powers
We now focus on a comparison of our theory to n-4 He and p-4 He elastic scattering observables. Using the chiral N N -only Hamiltonian, in Ref. [31] it was shown that NCSM/RGM calculations including only the g.s. and first excited state of the 4 He target were able to provide a reasonable description of the angular differential cross section and analyzing power for these reactions at nucleon incident energies well beyond 10 MeV. At those energies, as can be seen from imental scattering phase shifts already in such a smaller model space. As we will show in the following, in this work the inclusion of both SRG-induced and initial 3N forces, along with a larger model space containing 4 He excited states up to I π1 1 T 1 = 1 − 0, extends the agreement with experiment down to about 4 MeV c.m. energy. In Fig.11(a) , we compare the computed N N -only (green dashed lines), N N + 3N -induced (blue long-dashed line), and N N + 3N -full (red solid line)
4 He(n, n) 4 He differential cross section at an incident neutron energy of 17.6 MeV to the experimental data of Drosg et al. [54, 55] . For all three Hamiltonians, we find good agreement at the angles where data are available. In particular, as one could expect based on the phase shifts of Fig. 10 , at this energy 3N -force effects do not play a substantial role. Appreciable differences can be found only at large backward or forward angles, e.g., at angles below 30 degrees the differential cross section decreases with the inclusion of both the induced and initial 3N interactions, resulting in a small underestimation at the first data point, but a slightly improved agreement in the last one. An overall similar behavior can be observed for the p- 4 He cross sections at E p = 5.95, 7.89, 9.89, and 11.99 MeV of Fig. 12 , panels (a) and (b). Here, the N N + 3N -full curves are in excellent agreement with data at all angles, with the exception of large backward angles, where they slightly overestimate experiment. We reiterate that the N N + 3N -induced Hamiltonian can be seen as unitarily equivalent to the initial chiral N N one. In this sense, we can study the effects of the inclusion of the initial 3N interaction by comparing with the N N +3N -full curve. Different to the n- 4 He differential cross sections, interestingly the p- 4 He ones, for which data at intermediate incident energies are available, are more sensitive to the inclusion of the initial 3N interaction: for all considered energies the N N +3N -induced results show much larger deviations from experiment and in particular beyond 90 degrees the initial 3N force is responsible for the broad agreement.
The comparison with experiment is less straightforward for the analyzing power, as shown in Fig. 11(b) and (c) for n- 4 He scattering, where our results are plotted together with the 11 and 15 MeV data of Ref. [56] and Ref. [57] , respectively. Compared to the 3N -induced results, in this case the N N -only Hamiltonian (accidentally) leads to better agreement with data around 90 degrees while it deteriorates it at larger angles. Again we study the effects of the inclusion of the initial 3N interaction by comparing the N N +3N -induced to the N N +3N -full curve. This reveals that the initial 3N interaction improves the overall agreement with experiment both around the dip at 90 degrees and at larger angles, particularly in the E n = 15 MeV case. In general however, the discrepancies between theory and experiment are larger in this observable than they were in the differential cross section. The reason for such more pronounced differences is twofold. First, the analyzing power is more sensitive to the spin-orbit components of the interaction [59] as well as to possible shortcomings in the model space. For example, at the neutron laboratory energy of 11 MeV the slight discrepancy with respect to experiment at the level of the phase shifts, particularly in the 2 S 1/2 and 2 P 3/2 partial waves, gets amplified in the A y . Second, from N N -only calculations we know that at energies above ∼ 11 MeV one needs to include all partial waves up to at least J = 11 2 to reach convergence in the partial wave expansion of the A y . Here, however, we limit such an expansion to J = 7 2 , owing to the fact that higher partial waves were found to be biased by the truncation of the 3N matrix elements, E 3max . For p- 4 He elastic scattering, where lower-energy data are available, the analyzing power at E p = 7.89 MeV of Fig. 12(d) computed with the N N +3N -full Hamiltonian is in good agreement with the measurements of Ref. [58] for all angles, and an equally good agreement around 90 degrees is found also at E p = 9.89 MeV [see Fig. 12(c)] . For E p = 5.95 MeV, which is closer to the resonance region, and 11.99 MeV we see once again larger discrepancies in the dip region and starting at about 135 degrees, respectively. The latter are in line with the previously observed overestimation of experiment in the corresponding differential cross section. Once again, except for the dip around 90 degrees at 5.95 MeV neutron energy, the initial 3N force improves the agreement with experiment in comparison to our calculations using the N N +3N -induced Hamiltonian.
To conclude this section, we find that the adopted chiral N N + 3N Hamiltonian provides an overall good description of n-4 He and p-4 He elastic scattering away from the 2 P 3/2 resonance, where the present model space is sufficient to reach convergence.
IV. CONCLUSIONS
We have presented the first application of N N +3N interactions in ab initio scattering calculations within the NCSM/RGM approach for nucleon-nucleus collisions. We have generalized the formalism to explicitly include 3N interactions, which generated new contributions to the potential kernel. One of these contributions involves three-body density matrices, posing a formidable computational task. We have developed two efficient ways to deal with this complication and have used them to verify our results.
In this first application, we have analyzed nucleon-4 He scattering using consistently SRG-evolved chiral N N +3N interactions, by performing a comprehensive sensitivity study of all relevant parameters in the NCSM/RGM approach. We found fairly good convergence with respect to the model-space size, particularly at intermediate energies, and only a minor dependence on the SRG flow parameter.
Finally, we have compared our results to selected experimental data for phase shifts, angular differential cross sections and polarization observables obtained from our most complete calculation including the first six excited states of the 4 He target in the NCSM/RGM model space. We found significant contributions of both the SRGinduced 3N and the initial 3N interactions in particular for the P -wave phase shifts. Overall, we have reached very good agreement with phase shifts obtained from accurate R-matrix analysis of the A = 5 data. The spinorbit splitting between the P -wave phase shifts is enhanced by the initial 3N interaction, but some discrepancies with experiment still remain for the 2 P 3/2 phase shift in the energy region near the resonance. Although the need for spin-orbit structures beyond those present in the chiral N 2 LO 3N force cannot be ruled out, this is more likely due to a still insufficient model space in terms of excited states of the 4 He target and will be addressed in the future by using the present NCSM/RGM kernels within the recently proposed NCSMC approach and, most optimally, by also including d-3 H ( 3 He) channels explicitly. For differential cross sections, we have found remarkably good agreement with experiment even over a wide range of incident nucleon energies, while in the case of the analyzing power we have encountered larger deviations at certain angles and energies.
Altogether, this work paves the way for ab initio benchmarks and applications of N N +3N Hamiltonians in the context of light-nucleus reaction observables. Future work with the nucleon-nucleus formalism will address the role of the 3N force in four-nucleon reaction observables as well as scattering including heavier targets which is possible due to one of the newly developed kernel implementations presented here. The present NCSM/RGM kernels will be used within the NCSMC with explicit 3N interactions to revisit reactions of particular astrophysical interest. Work to include the 3N force within the NCSMC deuteron-nucleus formalism is also underway.
